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Abstract
We introduce the metric spectrum, which measures the exponential
rate of approximation to an isolated invariant set of points starting in
its stable set, and relate it to the Lyapunov spectrum. We determine
the metric spectrum of each Morse component of the finest Morse
decomposition of a linear induced flow on a generalized flag manifold.
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1 Introduction
Let φt be a discrete or continuous-time flow defined on a metric space (X, d).
If M ⊂ X is a compact isolated φt-invariant set which is not a repeller, we
introduce an spectrum, called metric spectrum, which measures the exponen-
tial rate of approximation to M of points starting in the stable set of M , as
illustrated by Figure 1.
Figure 1: The approximation of φt(x) to M .
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We show that this spectrum is an invariant of the conjugation classes by
bi-Lipschitz maps. In particular, when X is a manifold, the metric spectrum
is independent of Riemannian metrics. When the restriction of φt to an open
neighborhood of M is conjugated to a linear flow Φt, the metric spectrum
is given by the negative Lyapunov exponents of Φt. In particular, if M is
normally hyperbolic, this implies that its metric spectrum is not empty.
Now let gt be a linear induced flow on a flag manifold FΘ of a connected
noncompact real semi-simple Lie group G. Assuming that gt is conformal (its
unipotent Jordan component is trivial), we determine explicitly the metric
spectrum of each Morse component of the finest Morse decomposition. This
is done by combining the linearization presented in [7] with some results on
the Jordan decomposition of gt presented in [3]. This result generalizes the
following simple situation. Let G = Sl(2,R), FΘ = PR
2 and
gt =
(
eλt 0
0 e−λt
)
.
We have that [e1] and [e2] are, respectively, the attractor and repeller compo-
nents of gt in PR2. For each [v] 6= [e2], we have that g
t[v]→ [e1], when t→∞.
The SO(2,R)-invariant distance d in PR2 is such that d(gt[v], [e1]) = θt, where
θt is the angle illustrated in the Figure 2.
Figure 2: The approximation of gt[v] to [e1] in PR
2.
Since
lim
t→∞
tg(θt)
θt
= 1,
it follows that
lim
t→∞
1
t
log d(gt[v], [e1]) = −2λ,
where we use that
tg(θt) =
vy
vx
e−2λt.
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For the attractor component of gt in the maximal flag manifold F, we do
not need to assume that gt is conformal. When gt is arbitrary, the metric
spectrum of its attractor component in the maximal flag manifold will be
called the flag spectrum of gt.
2 Preliminaries
For the theory of semi-simple Lie groups and their flag manifolds we refer to
Duistermat-Kolk-Varadarajan [2], Helgason [4], Knapp [5] and Warner [10].
To set notation let G be a connected noncompact real semi-simple Lie group
with Lie algebra g. Let Ad : G → Gl(g) be the adjoint representation of G.
An element g ∈ G acts in the Lie algebra g by the adjoint representation, so
that for X ∈ g we write
gX = Ad(g)X.
With this notation we have that
g exp(X)g−1 = exp(gX) and exp(X)Y = ead(X)Y,
for g ∈ G, X, Y ∈ g.
Fix a Cartan involution θ of g, a maximal abelian subspace a ⊂ s and a
Weyl chamber a+ ⊂ a. Let g = k⊕ s be the Cartan decomposition and 〈·, ·〉
be the Cartan inner product associated to θ. We let Π be the set of roots
of a, Π+ the positive roots corresponding to a+, Σ the set of simple roots in
Π+.
For each Θ ⊂ Σ, we denote by FΘ the associated flag manifold, which
is a homogeneous space of G. Let bΘ be the base point, PΘ be its isotropy
group and pΘ be its isotropy algebra. Each element X ∈ g of the Lie algebra
induces a differentiable flow in the flag manifold FΘ given by
(t, x) 7→ exp(tX)x, t ∈ R, x ∈ FΘ.
This flow is generated by the induced vector field which is denoted by X· and
its value at x is denoted by X ·x. An element g ∈ G acts in a tangent vector
v ∈ TxFΘ by its differential at x. We denote this action by gv = dxg(v). For
induced vector fields we have that
g(X · x) = gX · gx.
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For a fixed x ∈ FΘ, the map X 7→ X ·x is a linear map from g to TxFΘ whose
kernel is the subalgebra of isotropy at x.
We have that the compact group K = exp(k) is transitive in FΘ, its
isotropy subgroup at bΘ is denoted by KΘ and its elements acts in g by 〈·, ·〉-
isometries. There exists a KΘ-invariant subalgebra nΘ which complements
pΘ in g. Thus we can identify the tangent space of FΘ at bΘ with nΘ and
〈·, ·〉 determines a K-invariant Riemannian metric in FΘ given by
|X · x| = |Y |,
where X · x = k(Y · bΘ) with k ∈ K. The Weyl group W = M∗/M acts on
a by isometries, where M∗ and M are, respectively, the normalizer and the
centralizer of a in K.
We denote by gt, t ∈ T = R or Z, the right invariant continuous-time
flow generated by X ∈ g or the discrete-time flow generated by g ∈ G.
More precisely, when T = R, we have that gt = exp(tX) and, when T =
Z, we have that gt is the t-iterate of g. The flow induced by gt on FΘ
is called a linear induced flow. Let gt = ethtut be the multiplicative Jordan
decomposition of gt, a commutative composition of linear induced flows. The
elliptic, hyperbolic and unipotent components of gt are, respectively, the flow
et, the flow ht = exp(tH) and the flow ut = exp(tN), where H is called
the hyperbolic type of the flow gt and ad(N) is a nilpotent operator. The
hyperbolic component is gradient with respect to a given Riemannian metric
on FΘ (see [2], Section 3). The connected components of fixed point set of
this flow are given by
fixΘ(H,w) = KHwbΘ,
where KH is the centralizer of H in K. The stable and unstable sets of
fixΘ(H,w) with respect to h
t are given, respectively, by
stΘ(H,w) = N
−
HfixΘ(H,w) and unΘ(H,w) = N
+
HfixΘ(H,w)
where N±H = exp(n
±
H),
n−H =
∑
{gα : α(H) < 0} and n
+
H =
∑
{gα : α(H) > 0}.
For an arbitrary linear induced flow on FΘ, we have the following similar
description for its finest Morse decomposition (see Proposition 5.1 of [3]).
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Proposition 2.1 Let gt be a linear induced flow on FΘ. The set
{fixΘ(H,w) : w ∈ W}
is the finest Morse decomposition for gt. Furthermore, the stable and unstable
sets of fixΘ(H,w) with respect to g
t are given, respectively, by
stΘ(H,w) and unΘ(H,w).
Now we define the subspace
l±wbΘ = n
±
H ∩ wn
−
Θ (1)
and the family of subspaces l±x ⊂ n
±
H given by
l±x = kl
±
wbΘ
,
for x = kwbΘ, where k ∈ KH . By Proposition 3.1 of [7], the families l±x are
well defined, each lx is h
t-invariant and, for k ∈ KH , we have
kl±x = l
±
kx.
Furthermore we have that the map
X ∈ l±x 7→ X · x ∈ l
±
x · x
is a linear isomorphism, for each x ∈ fixΘ(H,w).
By Propositions 3.2 and 3.3 of [7], we have that
V ±Θ (H,w) =
⋃
{l±x · x : x ∈ fixΘ(H,w)}
are differentiable subbundles of the tangent bundle of FΘ over fixΘ(H,w)
such that its Whitney sum
VΘ (H,w) = V
+
Θ (H,w)⊕ V
−
Θ (H,w) (2)
is the normal bundle of fixΘ(H,w) and whose fiber at x ∈ fixΘ(H,w) is given
by
VΘ (H,w)x = lx · x, where lx = l
+
x ⊕ l
−
x .
It follows that the map
X ∈ lx 7→ X · x ∈ VΘ (H,w)x
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is a linear isomorphism, for each x ∈ fixΘ(H,w).
Now we define the linearization map by
ψ : VΘ(H,w)→ FΘ, ψ (X · x) = exp(X)x, (3)
where X ∈ lx and x ∈ fixΘ(H,w). By Theorem 3.4 of [7], we have the
following result.
Theorem 2.2 The map ψ : VΘ(H,w)→ FΘ takes the null section VΘ(H,w)0
onto fixΘ(H,w) and satisfies:
i) Its restriction to some neighborhood N of VΘ(H,w)0 in VΘ(H,w) is a
diffeomorphism over a neighborhood N of fixΘ(H,w) in FΘ.
ii) Its restrictions to V ±Θ (H,w) are diffeomorphisms, respectively, onto
unΘ(H,w) and stΘ(H,w).
The above map ψ : VΘ(H,w) → FΘ is a conjugation of the flow gt on a
neighborhood of the attractor component fixΘ (H,w) to the linear flow
gt(X · x) = gtX · gtx
on a neighborhood of the null section of VΘ(H,w) if and only if VΘ(H,w) is
invariant and ψ is equivariant by the flow gt. A sufficient condition is that
the map x 7→ lx be equivariant by gt, i.e, that gtlx = lgtx. For the attractor
component fixΘ (H, 1), by Corollary 3.6 of [7], this happens whenever either
Θ ⊂ Σ(H) or Σ(H) ⊂ Θ, where Σ(H) is the annihilator of H in the simple
roots Σ. For the other Morse components, by Proposition 5.5 of [3], it is
sufficient that gt be conformal, i.e., its unipotent component be trivial.
3 Lyapunov and metric spectra
Let φt be a discrete or continuous-time flow defined on a compact metric
space (X, d). If M ⊂ X is an isolated compact φt-invariant set, its stable set
is given by
st(M) = {x ∈ X : ω(x) ⊂M}.
Let us assume that M is not a repeller, which is equivalent to that st(M)
is not empty. We say that x ∈ st(M) is metric regular if there exists the
following limit
λ(φt, x) = lim
t→∞
1
t
log d(φt(x),M),
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called the metric exponent of φt starting at x, measuring the exponential rate
of approximation of φt(x) to M . The metric spectrum of φt relative to M is
defined by
Λ(φt,M) = {λ(φt, x) : x is metric regular}.
The following result shows that Λ(φt,M) is an invariant of the conjugation
classes by bi-Lipschitz maps.
Proposition 3.1 Let (X, d) be a metric space and ψ : X → X be a bi-
Lipschitz map. If φ
t
= ψφtψ−1, x = ψ(x) and M = ψ(M), then
λ(φt, x) = λ(φ
t
, x)
and
Λ(φt,M) = Λ(φ
t
,M).
In particular, Λ(φt,M) is independent of equivalent metrics.
Proof: Since ψ is a bi-Lipschitz map, there exist positive constants b, c ∈ R
such that
bd(x, y) ≤ d(ψ(x), ψ(y)) ≤ cd(x, y),
for every x, y ∈ X . We have that
λ(φ
t
, ψ(x)) = lim
t→∞
1
t
log d(φ
t
(ψ(x)), ψ(M)) = lim
t→∞
1
t
log d(ψ(φt(x)), ψ(M))
and thus
lim
t→∞
1
t
log bd(φt(x),M) ≤ λ(ψ(x), φ
t
) ≤ lim
t→∞
1
t
log cd(φt(x),M)
showing that λ(φt, x) = λ(φ
t
, ψ(x)), since
λ(φt, x) = lim
t→∞
1
t
log bd(φt(x),M) = lim
t→∞
1
t
log cd(φt(x),M).
The last assertion follows, since two metrics d and d are equivalent if and
only if the identity map from (X, d) to (X, d) is a bi-Lipschitz map.
Since diffeomorphisms between Riemannian manifolds are locally bi-Lipschitz
maps, we have the following result.
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Corollary 3.2 Let ψ : X → X be a diffeomorphism between the Riemannian
manifolds (X, d) and (X, d). If φ
t
= ψφtψ−1, x = ψ(x) and M = ψ(M),
then
λ(φt, x) = λ(φ
t
, x)
and
Λ(φt,M) = Λ(φ
t
,M).
In particular, Λ(M,φt) is independent of Riemannian metrics.
Proof: Since X is locally compact andM is a compact subset, there exists an
compact neighborhood B ofM . Since ψ is a diffeomorphism, it is a locally bi-
Lipschitz map and its restriction to B is a bi-Lipschitz map onto its image.
Now we establish the connection between the Lyapunov and the metric
spectra. We recall that for a linear flow Φt of a normed vector bundle (V, | · |),
we say that v ∈ V is Lyapunov regular if there exists the following limit
λL(Φ
t, v) = lim
t→∞
1
t
log |Φtv|,
called the Lyapunov exponent of Φt starting at v, measuring the exponential
rate of growth of |Φtv|. The Lyapunov spectrum of Φt is defined by
ΛL(Φ
t, V ) = {λL(Φ
t, v) : v is Lyapunov regular}.
The stable Lyapunov spectrum of Φt is defined by
ΛL(Φ
t, S) = {λL(Φ
t, v) : v ∈ S and v is Lyapunov regular}.
where S is the stable set of the null section of V .
Proposition 3.3 Let (X, d) be a Riemannian manifold and ψ : N → A
be a diffeomorphism between some open neighborhood N of the null section
Z of the normal bundle V of M and some open neighborhood A of M . If
M = ψ(Z) and ψ−1φtψ is the restriction to N of a linear flow Φt of V , then
λ(φt, ψ(v)) = λL(Φ
t, v),
for all v ∈ S, Lyapunov regular, and
Λ(φt,M) = ΛL(Φ
t, S).
Furthermore, we have that Λ(φt,M) is not empty.
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Proof: There exist s > 0 such that Φsv ∈ N and φs(ψ(v)) ∈ A. Since
λ(Φt, v) = λ(Φt,Φsv) and λ(φt, ψ(v)) = λ(φt, φs(ψ(v))), we can assume that
v ∈ N and ψ(v) ∈ A. By Corollary 3.2, we have that
λ(Φt, v) = λ(Φt|N , v) = λ(φ
t|A, ψ(v)) = λ(φ
t, ψ(v)).
Thus it remains to prove that λ(Φt, v) = λL(Φ
t, v), for all v ∈ S, metric
regular. Let d be the Sasaki metric on the normal bundle V (see Section 4.2
of [1]). We can choose N such that d(v, Z) = |v|, for all v ∈ N . Thus, for all
v ∈ S, we have that v is metric regular if and only if v is Lyapunov regular
and, in this case, λ(Φt, v) = λL(Φ
t, v).
For the last assertion, we first observe that Z is a Φt-invariant and iso-
lated, since M is a φt-invariant and isolated. Thus the restriction of S over
some chain transitive component of the flow induced by Φt on the base M is
a subbundle (see Theorem 2.13 of [9]). Thus we can apply Oselec theorem
(see [6]) to the restriction of Φt to this subbundle, showing that ΛL(Φ
t, S) is
not empty.
The previous proposition and Theorem 1 of [8] imply the following result.
Corollary 3.4 If M is normally hyperbolic, then Λ(φt,M) is not empty.
4 Flag spectrum
In this section, we determine explicitly the metric spectrum of a linear in-
duced flow gt relative to a Morse component fixΘ(H,w). First we need to
introduce some suitable constructions, which are related to the constructions
presented in the Section 2. We denote
ΛΘ(H,w) = {α(H) : gα ⊂ lwbΘ},
where
lwbΘ = (n
+
H ⊕ n
−
H) ∩ wn
−
Θ.
Now writing
ΛΘ(H,w) = {λ1 > · · · > λnw
Θ
}, (4)
for each i ∈ {1, . . . , nwΘ}, we denote
bi = {X : ad(H)X = λiX}
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and define the family of subspaces given by
lix = lx ∩
∑
{bj : j ≥ i}. (5)
Proposition 4.1 For each i ∈ {1, . . . , nwΘ}, we have that
lix = kl
i
wbΘ
for x = kwbΘ, where k ∈ KH . Furthermore, if H is the hyperbolic type of gt
and
(i) w and Θ are arbitrary, with gt conformal or
(ii) w = 1 and Θ ⊂ Σ(H) or Σ(H) ⊂ Θ, with gt arbitrary,
then
gtlix = l
i
gtx.
Proof: First we note that the eigenspaces of ad(H) are invariant by the cen-
tralizer GH of H in G, since the elements of GH commute with ad(H). The
first claim follows, since lx = klwbΘ , for x = kwbΘ, where k ∈ KH ⊂ GH . By
Corollary 3.6 and 3.9 of [7] and Proposition 5.5 of [3], if (i) or (ii) are veri-
fied, then we that gtlx = lgtx. Thus the second claim follows, since g
t ∈ GH .
Following the proof of Proposition 3.2 of [7], for each i ∈ {1, . . . , nwΘ}, we
have that
V iΘ(H,w) =
⋃
{lix · x : x ∈ fixΘ(H,w)}
is a differentiable subbundle of the tangent bundle of VΘ(H,w). The norm in
VΘ(H,w) is the restriction of the norm in the tangent bundle of FΘ induced
by the Riemannian metric introduced in Section 2. We need to prove an
elementary fact about the norm | · | in VΘ(H,w).
Lemma 4.2 If v = X · x ∈ VΘ(H,w), where X ∈ lx and x ∈ fixΘ(H,w),
then |v| = |X|.
Proof: We have that X ∈ lx = klwbΘ and that x = kwbΘ, for some k ∈ KH .
Thus Y ∈ k−1X ∈ lwbΘ and
v = k(Y · wbΘ) = kw(w
−1 · bΘ).
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Thus, by the definition of | · |, we have that
|v| = |w−1Y | = |Y | = |k−1X| = |X|,
where we use that K acts in g by 〈·, ·〉-isometries.
Now we prove a strong version of Oseledec theorem (see [6]), determining
explicitly the Oseledec decomposition of VΘ(H,w) relative to the flow g
t.
Theorem 4.3 Let H be the hyperbolic type of gt. For each
(i) arbitrary w and Θ, when gt is conformal or
(ii) w = 1 and Θ ⊂ Σ(H) or Σ(H) ⊂ Θ, when gt is arbitrary,
each i ∈ {1, . . . , nwΘ} and each v ∈ V
i
Θ(H,w)− V
i−1
Θ (H,w), we have that
λL(g
t, v) = λi.
In particular, every point of VΘ(H,w) is Lyapunov regular and
ΛL(g
t, VΘ(H,w)) = ΛΘ(H,w).
Proof: Using Proposition 4.1 and the definition of V iΘ(H,w), we have that
v = k(X · wbΘ), for some k ∈ KH and some X ∈ liwbΘ − l
i−1
wbΘ
. Writing
X =
∑
αXα, with Xα ∈ gα, by the equations (4) and (5), we have that
λi = max{α(H) : Xα 6= 0}.
On the other hand, by Lemma 4.2, we have that
|gtv| = |gtkX · gtkwbΘ| = |g
tkX|. (6)
Let gt = etutht be the multiplicative Jordan decomposition of the flow gt.
We have that et acts on g by 〈·, ·〉-isometries, that ut = exp(tN) with ad(N)
a nilpotent operator and that ht commutes with KH . Thus we have that
|gtkX| = |etuthtkX| = |utkhtX| = |etad(N)khtX|,
since exp(tN)Z = etad(N)Z. Hence
|gtkX| = |etad(N)khtX| = |k−1etad(N)khtX| = |etNhtX|, (7)
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where N = k−1ad(N)k is also a nilpotent operator.
By equations (6) and (7), denoting λ = λi, it is sufficient to show that
λ = lim
t→∞
1
t
log |etNhtX|. (8)
Since htXα = e
α(H)tXα, we have that
etNhtX =
∑
α
eα(H)tetNXα =
∑
α
eα(H)t
∑
n
tn
n!
N nXα. (9)
Denote
Y =
∑
α(H)=λ
Xα
and
l = max{n : N nY 6= 0} ≤ m,
where m ∈ N is such that Nm+1 = 0. In order to get equation (8), we just
need to prove that
lim
t→∞
|etNhtX|
eλttl
l!
|N lY |
= 1, (10)
since
lim
t→∞
1
t
log
(
eλttl
l!
|N lY |
)
= λ.
Using equation (9), we have that
|etNhtX|
eλttl
l!
|N lY |
=
∣∣∣∑α e(α(H)−λ)t∑n tn−ln! N nXα
∣∣∣
1
l!
|N lY |
=
|Ut + Vt|
| 1
l!
N lY |
(11)
where
Ut =
∑
α(H)=λ
e(α(H)−λ)t
m∑
n=0
tn−l
n!
N nXα =
l∑
n=0
tn−l
n!
N nY
and
Vt =
∑
α(H)<λ
e(α(H)−λ)t
m∑
n=0
tn−l
n!
N nXα.
It is immediate that
lim
t→∞
Ut =
1
l!
N lY and lim
t→∞
Vt = 0,
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and thus equation (11) implies the equation (10).
The last assertion follows, since we have that VΘ(H,w) is given by the
disjoint union of V iΘ(H,w)− V
i−1
Θ (H,w), for i ∈ {1, . . . , n
w
Θ}.
We denote
Λ−Θ(H,w) = ΛΘ(H,w) ∩ R
−
and, for each λi ∈ Λ
−
Θ(H,w), we define
stiΘ(H,w) = ψ(V
i
Θ(H,w)− V
i−1
Θ (H,w)),
where ψ : VΘ(H,w) → FΘ is the map presented in Theorem 2.2. It is
immediate that the stable set of fixΘ(H,w) relative to the flow g
t is given by
the following disjoint union
stΘ(H,w) =
⋃
{stiΘ(H,w) : λi ∈ Λ
−
Θ(H,w)}.
The following result determines explicitly the metric spectrum of gt relative
to the Morse components.
Corollary 4.4 Let H be the hyperbolic type of gt. For each
(i) arbitrary w and Θ, when gt is conformal or
(ii) w = 1 and Θ ⊂ Σ(H) or Σ(H) ⊂ Θ, when gt is arbitrary
and each x ∈ stiΘ(H,w), we have that
λ(gt, x) = λi.
In particular, every point of stΘ(H,w) is metric regular and
Λ(gt, fixΘ(H,w)) = Λ
−
Θ(H,w).
Proof: Under the above hypothesis, we have that VΘ(H,w) is invariant and
ψ : VΘ(H,w)→ FΘ is equivariant by the flow gt. Hence the corollary is a im-
mediate consequence of Propositions 2.1 and 3.3 and Theorems 2.2 and 4.3.
The previous result allows us the following definition. The flag spectrum
of an arbitrary linear induced flow gt is given by Λ−(H, 1), its metric spectrum
relative to the unique attractor component fix(H, 1) in the maximal flag
manifold F, where Θ = ∅.
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